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Abstract. We consider semi-direct products C" k^ N oi Lie groups with lattices F such 
that A^ are nilpotent Lie groups with left-invariant complex structures. We compute the 

^~» ' Dolbeault cohomology of direct sums of holomorphic line bundles over G/F by using the 

Dolbeaut cohomology of the Lie algebras of the direct product C" X A'^. As a corollary of 
this computation, we can compute the Dolbeault cohomology H'^''^{G/T) of G/F by using 

^ J ' a finite dimensional cochain complexes. Computing some examples, we observe that the 

^^ ' Dolbeault cohomology varies for choices of lattices F. 

,-S^ ■ 1. Introduction 

-(— > ■ 

^ ' Let G be a simply connected solvable Lie group and q the Lie algebra of G. We assume 

that G admits a lattice F and a left-invariant complex structure J . We consider the Dolbeault 

cohomology H*^* [G /T) of the complex solvmanifold G/F. We also consider the cohomology 

ff^ ■ H*^'*{q) of the differential bigraded algebra (shortly DBA) /\*'* g* of the complex valued left- 

>^ . invariant differential forms with the operator d. 

The purpose of this paper is to prove that one can compute the Dolbeault cohomology of 

jpi^ . certain class of solvmanifolds G/F by using finite dimensional DBAs. In this paper we consider 

^^ ■ a Lie group G as in the following assumption. 

[~^ ■ Assumption 1.1. G is the semi-direct product C" K^ A^ so that: 

^D , (1) N is a simply connected nilpotent Lie group with a left-invariant complex structure J . 

Let a and n he the Lie algebras of C" and N respectively. 

(2) For any t g C", (j){t) is a holomorphic automorphism of (N, J). 

(3) (j) induces a semi-simple action on the Lie algebra n of N . 

(4) G has a lattice F. (Then F can be written by T — V tK ^ T" such that F' and T" are lattices 
o/C" and N respectively and for any t €T' the action (j){t) preserves T".) 

Cu , (5) The inclusion /\*'* n* C A*'*{N/T") induces an isomorphism 

H*g'*{n)=H*g'*{N/T"). 

Let a : C" — > C* be a character (i.e. a representation on 1-dimensional vector space C^) 
of C" . By the projection C" K^ N ^ C", we regard a as a character of G as in Assumption 
11.11 We consider the holomorphic line bundle Lq = (G x Cq,)/F and the Dolbeault complex 
{A*'*{G/T, La), d) with values in the line bundle La- Let C be the set of isomorphism classes 
of line bundles over G/F given by characters of C". We consider the direct sum 

A*'*{G/r,L^) 

of Dolbeault complexes. Then by the wedge products and the tensor products, the direct sum 
®L,e£^*"(G/r,£0)isaDBA. 

Theorem 1.2. There exists a subDBA A*'* of 



X 



A*'*{G/T,Lp) 



Lr^L 
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such that we have a DBA isomorphism l : A*'*(i® ^)* — ^*'* ^'^'^ ^^^ inclusion 

$: A*'* -> A*-*{G/r,Lp) 

induces a cohomology isomorphism. 

See Section 3 for the construction of ^*'*. 

Corollary 1.3. We have the finite dimensional subDBA B*'* = <!>-^{A*'*{G/r)) ofA*'*{G/r) 
such that the inclusion $ : B*'* — >■ A*'*{G/T) induces a cohomology isomorphism 

Hl^*{B*'*)'^Hl^*{GlT). 

See Corollary 14.21 for the construction oi B*'* . 

Remark 1. Let A^ be a simply connected nilpotent Lie group with a lattice F" and a left- 
invariant complex structure J. Like Nomizu's theorem ([8]) for the de Rham cohomology of 
nilmanifolds, it is known that an isomorphism Ht.'*{N/r") = iJ|'*(n) holds if (N, J,T") meet 
one of the following conditions: 

(N) The complex manifold N/T" has the structure of an iterated principal holomorphic torus 
bundle ([3]). 

(Q) J is a small deformation of a rational complex structure i.e. for the rational structure 
riQ C n of the Lie algebra n induced by a lattice F" (see [TTJ Section 2]) we have J(nQ) C Uq 

(0)- 

(C) {N, J) is a complex Lie group ([IS])- 

By using Corollary 11.31 we actually compute the Dolbeault cohomology of some examples 
in Section 5. Unlike nilmanifolds, we observe that in many cases the Dolbeault cohomology of 
solvmanifolds can not be completely computed by using only Lie algebras. Moreover we give 
examples of non-Kahler complex solvmanifolds with the Hodge symmetry. 

Remark 2. If N has a nilpotent complex structure (see [3]), then (/\*'*(a®n)*, d) is the minimal 
modeloftheDBA0^^g£A*'*(G/F,i;3) (see [9]). 

2. Holomorphic line bundles over complex tori 

Lemma 2.1. Let T be a finitely generated free ahelian group and a : F — > C* a character ofT. 
If the character a is non-trivial, then we have H*{T, Ca) — 0. 

Proof. First we assume F = Z. Then we have 

iJ°(Z,Ca) = {to € Ca\a{g)m = to, for all g e Z} = 0. 

Like the de Rham cohomology of S*^, by the Poincare duality we have 

H^{1,Ca)^ H°{1, C„-i)* =0, 

and obviously iJP(Z, Cq.) = for p > 2. Hence the lemma holds in this case. In general case, 
we consider a decomposition T — A(B B such that A is a rank 1 subgroup and the restriction 
of a on A is also non-trivial. Then we have the Hochshild-Serre spectral sequence Er such that 

EP'"^ = HP{T/A,H'^{A,Cc,)) 

and this converges to 7?p+'^(F, Cq). Since H'^{A, Cq) = for any q, we have E2 = and hence 
the lemma follows. D 

We consider a complex vector space C" with a lattice F. Let a : C" -^ C* be a C°°-character 
of C". We have the holomorphic line bundle Lq = (C" x Cq)/F over the complex torus C"/r. 
We define the equivalence relation on the space of C°°-characters of C" such that a ~ /3 if 
a/3~^ is holomorphic. 

Lemma 2.2. Let a : C" — > C* be a C°° -character o/C". There exists a unique unitary 
character j3 such that a ^ (3. 



DOLBEAULT COHOMOLOGY OF SOLVMANIFOLDS 



Proof. For a coordinate (xi + \/—lyi, . . . , a;„ + ^/—lyn) G C", a character a is written as 

n 

a{xi + V^yi, .. .,Xn + V^Vn) = expC^{aiXi + hyi + y/^{ciXi + diy,))) 

1=1 

for some ai,bi,Ci,di G M". Let a' be the holomorphic character defined by 

n 

a'{xi + V^yi, .. .,Xn + V^yn) = exp(^{-ai{xi + V^yi) + V^h{xi + y/^yi)). 

Then the character /3 — oia' is unitary. If a unitary character is holomorphic, then it is triviaL 
Hence such /3 is unique. D 

Lemma 2.3. (|TU]) Let /3 : C" — >■ C* he a unitary C^ -character ofC"". Then the holomorphic 
line bundle Lp is trivial if and only if the restriction of (3 onT is trivial. 



Proposition 2.4. Let a : C" — ?> C* be a C°" -character ofC"'. Lf La is a non-trivial holomor 

I* 



phic line bundle, then the Dolbeault cohomology Ht'*{C"' /T,La) with values in the line bundle 



La is trivial. 

Proof. Let (3 be the unitary character such that a ^ /? as in Lemma [2?2] Then we have La ^ Lj^. 
Let D be the flat connection on L^ induced by /?. We have the decomposition D = d -i- d so 
that d is the Dolbeault operator on L^. Since /3 is unitary, we have a Hermitian metric on 
Lp such that for a Kahler metric on C"/r we have the standard identity of the Laplacians of 
D and B (see 01 Section 7]). Hence we have an isomorphism iJ|(C"/r,i^) = ff|,(C"/r,L^). 
If Lfj is non-trivial, then we have H^^iC^/T, Lp) = H*{r,Cfj) = by Lemma O Hence the 
proposition follows. D 

3. The construction of A*'* 

Let G be a Lie group as in Assumption ll.il Consider the decomposition nc = Ti^'° ® n'^'^. 
By the condition (2), this decomposition is a direct sum of C"-modules. By the condi- 
tion (3) we have a basis li, . . . , Y^ of n^'" such that the action (p on n^'° is represented by 
(l>{t) = diag(ai(i), . . . , am(t)). Since Yj is a left-invariant vector field on N, the vector field ctjYj 
on C" K0 iV is left-invariant. Hence we have a basis Xi, . . . , Xn, aiYi, . . . , amYm of g^'*^. Let 
xi,. . .,Xn,a^^yi,. . . ,a:;^ym be the basis of /\ ' g* which is dual to Xi , . . . ,X„,aiFi,. . . , a,„Fm 
Then we have 

p,q p q 

A fl* ^ A^^l' ■ • ■ ' ^"' ^r Vl, • • • , "m^2/m) ® /\{X1,. ■ . , Xn, ar^j/l, • • • , am^j/m)- 

Let a : C" ^- C* be a character of C". Let {A*'*{G) (g) C^)^ be the space of Ca-valued F- 
invariant differential forms on G. Then we can identify the Dolbeault complex A*'*{G/r,La) 
with {A*'*{G) ® Ca)^. Hence for co € /\*'* g* and Va G C^, we have 

uj(g> (a-^Va) e A*'*{G/T,La). 

Let C be the set as in Introduction. By Section 2, we can regard C as the set of isomorphism 
classes of line bundles over G/T given by unitary characters of C". We consider the DBA 
®L„e£-4*'*(G/F,L„)- We define the DBA A*'* to prove TheoremO 

Definition 3.1. Let a;i, ... ,x„, aj^^yi, ... ,a~"'^ym be the basis of /\ ' g* as above. By Lemma 
12.21 we have the unitary character ^j such that aj ~ f3j. We consider the holomorphic line 
bundles Lg-i over G/T. By A*'*{G/T,Lg-i) = {A*'*{G) (g) Co-i)!', for Co-i 9 Vg-i 7^ we 
consider 

a-V,0(/3,^>^-i)GA*'*(G/F,L^-O- 
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Let A*'* be the subDBA of 0^^^^ A*'*(G'/r,La) defined by 
p 

1 

(^ /\{xi, . . . , Xn,a^^yi <E) (7l%-i ): ■ • ■ : Oi:;;^^ym » (7mW^-i))- 

Lemma 3.2. Let l : A* *(i® ^)* ~^ ^*'* ^^ ^^^ algebra homomorphism defined by 

^\Xi) — Xi^ 

i-io^J^yj) = aj^yj <» ^j«/j~i- 

Then we have a DBA isomorphism 

L:i/\ia®nr,d)^{A*'*,d). 
Proof. Since a~ f3j is holomorphic, we have 

This imphes d o l = lo d. Hence the lemma follows. D 

Let g be the left-invariant Hermitian metric on G defined by 

g = xiiri H h XnXn + a^^ai^yiyi H h +a,^^a~-^ymym. 

Let /? : C" -> C* be a unitary C°°-character of C". Take C/3 9 W/3 ^ 0. Then /S'^vp is a 
C°°-frame of the line bundle Ljs = {G x C/3)/r. We define the Hermitian metric hp on Lp 
such that hp{p~^vp,p-^vp) ^ 1. Let Sg®/,, : AP'9(G/r,L^) ^ A"+"^-P'"+™-9(G/r,Lp be 
the C-anti-linear Hodge star operator oi g ®hp on A*'*(G/r,i^) and let 

and 

HP^''(G/r,i^) = {c^ G A*^*{G/T,Lp)\Ug^h,u: = 0}. 

We consider the 9-Laplace operator ©Dgg/j^ on the direct sum 0^ g£ A*'*(G/r, Lp). 

We consider the basis xi, . . . , x„, j/i, . . . , y™ of /\ ' (a © n)*. Let 5' be the Hermitian metric 
on a ® n defined by 

g' = a;ixi H h x„x„ + yij/i H h j/my™. 

Let *g' : A^'''(o® n)* -> A"^™~^'"''^'"~''(ttffi ")* be the C-anti-linear Hodge star operator of 5' 
on A*'*(affin)* and let 

^ = ig, o 9 o ig/ , Dg/ = 9^ -f- J9 

and 

'H'P''i{a ®n) = {uje /\(a n)*|ng,a; = 0}. 

Lemma 3.3. We consider the isomorphism i : A ' ("^ © '^)* — ^*'* '^■^ *'^ Lemma \3.2\ Then 
we have 

Proof. Let ®*gig,/i^ be the Hodge star operator on 0^ ^^ A*'*(G/r,L^). It is sufficient to 
show 

For a multi-index / = {ii, . . . , v}, we write a;/ = x^^A- • -Aa^i^, y/ = j/ijA- • -Ayi,, , a/ = a^j • • • a^^ 
and /3/ = /3ij • • • Pi^. For multi- indices /, A" C {1, . . . , n} and J, i C {1, . . . , tti}, we have 

*g> {xi Ayj AxK /\ yh) = ea;/' A yj- A xk' A yi- 
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where /', J', K' and L' are complements and e is the sign of a permutation. We also have 

= exi' A aj^yj> A xk' A al}yL' «) PJ^Jl^v^j^^. 

Hence we only need to show 

13j'iI'^Pj'1l'. 

Since a Lie group with a lattice is unimodular (see [HI Remark 1.9]), the action (p on n is 
represented by unimodular matrices. Hence we have ajaj^ajiaLi — 1. This implies (3j 7^ = 
Pj/'Jl'- Hence the lemma follows. D 

Corollary 3.4. The inclusion 

$: A*'*-> A*'*{G/r,Lp) 

induces an injection 






Proof. We have isomorphisms HP'«(G'/r, Lp) = iJ|'«(G/r, i;,) and HP'«(o ® n) 5^ H^'\a ® n) 
(see [12j). By Lemma [3.31 we have 

i{nP'%a®n))c HP'«(G/r,L^). 
Hence the corollary follows. D 

4. Proof of the main theorem 

Proposition 4.1. Let G be a Lie group as in Assumvtion \L1[ G/T is a holomorphic fiber 
bundle over a torus with a nilmanifold as a fiber, 

N/V" -> G/V -> c"/r' 

such that the structure group of this fibration is discrete. 

Proof. Consider the covering C" x {N/T") — )■ G/T such that the covering transformation is the 
action of F' on C" x {N/T") given by g ■ (a, b) — {a + g, (j){g)b). Hence we have the fiber bundle 
G/T -^ C"/r' with the fiber N/T" and the discrete structure group 0(r') C Aut(iV). Since 
4>{g) is a holomorphic automorphism, this fiber bundle is holomorphic. D 

Proof of Theorem II. 2i For Lp G C, by Borel's results in [71 Appendix 2], we have the 

spectral sequence {Er,dr) of the filtration of AP''(G/F,X^) induced by the holomorphic fiber 

bundle p : G/T -J> C"/F' as in Proposition HIT] such that: 

{T)Er is 4-graded, by the fiber-degree, the base-degree and the type. Let '^''^Ep^ be the 

subspace of elements of Er of type (p, (7), fiber-degree s and base-degree t. We have ^''^Ep^ = 

if p + g = s + t or if one of p, q, s, t is negative. 

(2) lip + q = s + t, then we have 

P,g^.,t ^ Y^ iJ|*-^(C"/F', Lp (g) W-'^^-'+^N/T")) 

i>0 

where HP-'''?-"+*(iV/F") is the holomorphic fiber bundle UbeC'Vr' H^'^P'Hb))- 
(3)The spectral sequence converges to Hg{G/T,Li3). 

By the assumption -ffg'*(n) ^ H*g'*{N/T"), the fiber bundle Hp-*'«-'*+*(A^/F") is the holo- 
morphic vector bundle with the fiber iJ^^*'''^'* (n) induced by the action of F on i??^*'^^'' (n). 
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Since the action cj) on n is semi-simple, the action of C" on H^'^^''^^ {n) induced by is diag- 
onaUzable. The fiber bundle splits as HP~*'9~^+'(A^/r") — Q)Lsj for some Lsj G C. Hence we 
have 

By Proposition HH we have i?^'""(C"/r', L^ (g) L^J ^ i/g^""(C"/r') if L^, ® Lg^ is trivial and 
iJg*~''(C"/r', Li3 ig) i^j)) = if L^ L^j is non-trivial. Hence we have 



For the direct sum ®^, g£ ^*'*(G/r, Lp), we consider this spectral sequence Er- Then we have 



L«ec 



^ij^''-^(C"/r')®i?|" 



i.q—s+i 



This implies an isomorphism E2 = ® H^''^{a ® n). On the other hand, by Corollarv l3.4[ we 
have an injection 

i/|'«(a®n)^7J|'«(0 A*'*iG/T,Lp)=E^. 

Hence the spectral sequence degenerates at E2 and the theorem follows. D 

Corollary 4.2. Let B*'* C A*'*{G/T) be the suhDBA of A*^*{G/T) given by 



BP'i = (xi AUj^lSjyj AXK Aa^^-fLVL 



\I\ + \K\=p,\J\ + \L\^q ^ ^ 
the restriction of PjJl on F is trivial 



Then the inclusion B*'* C A*'*{G/T) induces a cohomology isomorphism 

Hl^*{B*^*) = Hy*{G/T). 
Proof. By Lemma 12.31 

$(x/ A a-j^yj AXK A al^VL ® f3j"fLV ^-1^-1) € A*'*{G/T) 
if and only if the restriction of /3j7l on F is trivial. Hence we have $~^(yl*^*(G/F)) ^B*'*. D 

Remark 3. Suppose (j) ■ C" — >■ Aut(n^''^) is a holomorphic map. Since each Uj is holomorphic, 
(3j is trivial. Hence we have B^-^ = /\^' g* . Moreover if A'' is a complex Lie group, then 
G = C" K0 iV is also a complex Lie group and any element ofi3-'^''^ = g^'"is holomorphic and 
hence dB^''^ = 0. Hence we have an isomorphism 

ffP''(G/F)-/\0i'°0i/|(S°'''). 

Remark 4. We suppose the following condition: 

(•) For multi-indices J, L, if the restriction of /3j7l on F is trivial, then /3j7l itself is trivial. 

Then we have B*'* d /\ ' g* and hence we have an isomorphism 

H;'*{g)^H;*{G/T). 
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5. Examples 

/ e^ 

5.1. Example 1. Let G = C k^ C'^ such that 0(x + \/-~ly) — \ „ _^ |. Then for some 



e-^ 

/ e° \ 
a e M the matrix _jj J is conjugate to an element of SL{2, Z). Hence for any 7^ 6 G K 

we have a lattice F = (aZ + b^/—!!,) k F" such that F" is a lattice of C^. Then for a coordinate 

(zi ~ X + ^/— ly, Z2, 2:3) e C K0 C^ we have 

P,9 P.I 

Ab* — /\{dzi, e~^dz2,e''dz3) (g) {dzi, e~^dz2, e^dz^). 
Since we have e^ ~ e"^'^^*', the subDBA 

A*'* c ^*'*(G/r,L^) 



La6£ 



as in Definition 13.11 is given by 



(^(dzi, e""'dz2 (E) e^^^^^v^^/^y, e^'dzs (g) e^-^^^-y^-v^^). 

BP,g (^ AP''^{G/r) varies for a choice of 6 G M as the following. 

(A) If 6 = 2mT for n G Z, then we have: 

p.q 

BP-" = /\{dzi, e-^-^^''dz2,e="+^^^dz3) ® (dzi, e-^-^^^^dz2,e^+^'^^dz3). 

(B) If 6 = (2?i — l)7r for n G Z, then we have: 

B^'" == (dzi), B"'i = (dzi), 



B^'^ = (dzi A dz 



1, e 



'2a:-2v 



"^^dz2 A dz2, e^^+^''^^^dz3 A dzs, dz2 A dzs, dz^ A dz2), 
i?^'° = (dzi A dz2 A rfzs), 



B^'^ = (dz2 A dz3 A dzi, e^^^^^^-^^^dzi A dz2 A dz2, 

^2x+2V^y^^^ A (iz3 A (iza, dzi A (iz2 A dz3, dzi A (iz3 A (iz2), 

B^''^ = {dzi A dz2 A dz3, e^^'^^^^'''^^dz2 A dzi A dz2, 

g2a;+2V-iy^2g A dzi A (iz3, dz2 A (iz3 A dzi, dz^ A (iz2 A dzi), 

i?"'^ = (dzi A dz2 A dz^), 
B^'^ = {dzi A dz2 A dz3 A dzi), S^'^ = {dzi A dz2 A dz3 A dzi), 

i?^'^ = (dzi A dz2 A dzi A dzs, 

g-22;-2\/^y^2:i A dz2 A dzi A rfz2, e^^+^^^'~^^(izi A dz3 A dzi A dz3, 

dz2 A (iz3 A dz2 A dz^, dzi A (iz3 A dzi A (iz2) , 
ij3.2 ^ ^^2:2 A dz3 A dzi A dz2 A dz3),B'^'^ = {dzi A (iz2 A dzj A dz2 A dzs), 
B^'^ = (dzi A dz2 A dz3 A dzi A dz2 A dz3). 
(C) li b ^ nn for any n G Z, then we have: 

fii'" = (dzi), B"'i = (dzi), 

B^^" = (dz2 A dz3), B"-^ = {dz2 A dz3), 

B^'^ — {dzi A dzi, dz2 A dz^, dz^ A (iz2), 

i? ' = (dzi A (iz2 A dz3),B^'^ = {dz2 A (iz3 A dzi, dzi A (iz2 A dz^, dzi A (iz3 A <iz2), 
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5"'"'^ = {dzi A dz2 A dz3, dz2 A dz3 A dzi,dz3 A (iz2 A dzi), S'^''^ = {dzi A d22 A dzs), 
B^'^ = (dzi A dz2 A (iz3 A dzi), i?"^'^ = {dzi A (iz2 A dz^ A dzi), 
i?^'^ = {dzi A dz2 A dzi A dz^, dz2 A dz3 A dz2 A (iz3, dzi A dzy, A dzi A dz2) , 
B^''^ = ((iz2 A dzs A dzi A dz2 A dz3),B^'^ = (d2;i A dz2 A (iz3 A dz2 A dz^), 
B^'^ = (dzi A dz2 A dz3 A dzi A dz2 A ^£3). 
By Corollary 14.21 for each case we have an isomorphism H^''^{G/T) = BP'"^. Moreover con- 
sidering the left-invariant Hermitian metric g = dzidzi -t- e~'^^dz2dz2 + e^^dz^dz^, we have 
HP'HG/T) ^BP'i. 

Remark 5. In the case (A), the Dolbeault cohomology if*'*(G/r) is isomorphic to the Dolbeault 
cohomology of complex 3-torus. But G/T is not homeomorphic to a complex 3-torus. Moreover 
considering the metric g, the space of the harmonic forms does not satisfy Hodge symmetry 
(i.e. ■HP'i{G/r)^W'P{G/T)). 

Remark 6. By Hattori's result in [6], we have an isomorphism H*{G/T) = H*{g) of the de 
Rham cohomology of G/T and the Lie algebra cohomology. Hence considering the space 
'H^(g) of left-invariant d-harmonic forms of the left-invariant Hermitian metric g, we have 
■^^(g) = 'Hj(G'/r). By simple computations, in the case (C) we have the Hodge decomposition 
■H^(G/r) = ®p+„=fc^'''^(^/-'^)- Hence G/T has cohomological properties (for example the 
Frolicher spectral sequence degenerates at Ei) of compact Kahler manifolds. But by Arapura's 
result (solving Benson-Gordon's conjecture) in il!, G/T admits no Kahler structure. 

Remark 7. In the case (C), an isomorphism Ht,'*{Q) = H*.'* [G /T) holds. But in the other 



cases, this isomorphism does not hold. 




5.2. Example 2. Let G = C k^ C^ such that 




</>(x + V-iy)= ^ 
V u 




g-x-y^y 



Then we have a + V— 16, c + \/—ld E C such that Z{a + \/—lb) + Z(c + \/—ld) is a lattice in 
C and (j){a + V^b) and (j){c + \/^d) are conjugate to elements of SL{4:,Z) where we regard 
SL(2,C) C 5L(4,R) (see [5!). Hence we have a lattice F = {Z{a + y/^b)+Z{c + y/^d))K^T" 
such that F" is a lattice of C^. For a coordinate (zi, Z2, Z3) G C k C^, we have 

/\9* ^ /\{dzi,e~''^dz2,e''^dz3) (g) {dzi,e~^^dz2,e^^dz3). 
We have 

j^P.q 
P-Q 

= /\{dzi,e'''^dz2,e^^dz3) (^{dzi,e-^'dz2 «) e-^'^^y^v^2vzrjy, , e^^dz^ (g) e^'^^«^v^-2./^y,) 

for zi = xi + ^/—lyi. 

If 6, d G ttZ, then we have 

ifP'?(G/F) 9^ BP'" = /\{dzi,e-'-'dz2,e''dz3) <E) {dzi,e-''dz2,e'''dz3). 

If 6 ^ ttZ or c ^ ttZ, then we have 

B"'i ^ (dzi), B°'2 ^ ^^^2 A dz3), B"'3 = (dzi A dz2 A dzg) 

and 

p 

HP^'^{G/T) = BP^-? = /\(dzi, e-^idz2, e^Mz3) ® B°'«. 
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